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BEURLING NUMBERS WHOSE NUMBER OF PRIME FACTORS
LIES IN A SPECIFIED RESIDUE CLASS
GREGORY DEBRUYNE
Abstract. We find asymptotics for SK,c(x), the number of positive integers below
x whose number of prime factors is c mod K. We study this question in the context
of Beurling integers.
1. Introduction
In classical prime number theory the relation M(x) = o(x) for the the summatory
function of the Mo¨bius function is well-known to be equivalent to the Prime Number
Theorem (PNT). It says that asymptotically the integers1 with an even number of
prime factors match those with an odd number of prime factors. Here we will study
this question for arbitrary residue classes.
Let K ≥ 2 be an integer and let c be an integer lying in [0, K). In this article we
shall find an asymptotic formula for SK,c(x), the number of Beurling integers below x
whose number of prime factors is c mod K. We shall show that in the classical integers
case
(1.1) SK,c(x) ∼ x
K
.
In the proof we aim to use as little information as possible on the integers and the
primes. In fact, we shall only use a Chebyshev upper bound on the primes and density
on the integers. We formalize this approach with the use of Beurling prime number
systems.
A Beurling generalized prime number system is a sequence
(1.2) 1 < p1 ≤ p2 ≤ · · · → ∞.
The generalized integers of the system are then formed by taking the multiplicative
semigroup generated by the generalized primes and 1. We usually write pj for general-
ized primes and nj for generalized integers and omit the subscripts if there is no risk of
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1The squarefree integers to be precise. However, a simple elementary argument shows that the
word “squarefree” may be omitted.
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confusion. We have the counting functions pi(x) and N(x) for the primes and integers
respectively. The Riemann weighted prime counting function is defined as usual by
(1.3) Π(x) =
∞∑
k=1
pi(x1/k)
k
.
The zeta function
(1.4) ζ(s) =
∑
n
n−s =
∫ ∞
1−
x−sdN(x),
defined on Re s > 1 (under the hypothesis N(x) = O(x)) is an indispensable tool for
the study of these number systems via analytical methods.
Central questions in this theory involve how information on the integers has con-
sequences for the primes and vice-versa. We refer to [4] for a detailed account of
Beurling generalized numbers. We mention that in this discussion we only concern
ourselves with discrete Beurling numbers systems as defined above and not with more
general definitions of Beurling number systems. The reason for doing so is that there
is no straightforward generalization to the more general framework for the concepts we
are working with here.
The main goal of this paper is to prove the following theorem.
Theorem 1.1. Suppose a Beurling number system satisfies a Chebyshev upper bound
pi(x)≪ x/ log x and has a positive density N(x) ∼ ax, then
(1.5) SK,c(x) ∼ ax
K
.
A crucial ingredient of the proof is a recently established version [3] of Hala´sz’s
theorem for Beurling numbers. This topic was introduced by Zhang in [5] whose results
he later improved upon in [6] based on ideas of [2]. The paper [3] refines these ideas
further and contains the best results currently available.
2. Proof of Theorem 1.1
Let q be an integer in [0, K). We define fq(n) depending on the number of prime
factors of n, namely,
(2.1) fq(n) = e
2piiql/K if the number of prime factors of n is l mod K.
Then
(2.2) SK,c(x) =
∑
n≤x
1
K
K−1∑
q=0
e−2piiqc/Kfq(n).
We shall show that the summatory function Fq(x) :=
∑
n≤x fq(n) = o(x), unless q = 0,
in which case F0(x) = N(x) ∼ ax. The orthogonality relation (2.2) would then com-
plete the proof. Let us now calculate the generating function Fˆq of the multiplicative
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function fq, for Re s > 1,
(2.3)
Fˆq(s) =
∑
n
fq(n)
ns
=
∏
p
(
1 + e2piiq/Kp−s + e4piiq/Kp−2s + . . .
)
=
∏
p
1
1− e2piiq/Kp−s .
Taking logarithms, one obtains
(2.4) log Fˆq(s) =
∑
p
∞∑
k=1
e2piikq/Kp−ks
k
.
Therefore, log Fˆq(s) is the Mellin-Stieltjes transform of the measure hqdΠ, where hq
is a function supported on prime powers and satisfying hq(p
k) = e2piikq/K . It follows
that Fˆq(s) is the Mellin-Stieltjes tranform of exp
∗(hqdΠ), where exp
∗ is the exponential
taken with respect to the multiplicative convolution of measures (see e.g. [1] or [4]).
Hence, dFq = exp
∗(hqdΠ), as the Mellin-Stieltjes transform is an injective operation.
We now wish to apply Theorem 2.3 from [3]. We split hq into g1 + g2 as e
2piiq/K +
(hq− e2piiq/K). The assumptions for g1 and g2 from Theorem 2.3 are fulfilled because of
the Chebyshev bound and the fact that (hq − e2piiq/K)dΠ is supported only on (higher
order) prime powers. It now remains only to verify that the Mellin-Stieltjes transform
of exp∗(hqdΠ) = o(1/(σ − 1)) uniformly for t on compacts as σ → 1+. It suffices
to show the Mellin-Stieltjes transform of exp∗(e2piiq/KdΠ) admits this bound, for, as
shown in the proof of Theorem 2.3 in [3], the part coming from g2 is harmless. We are
thus left to show that, uniformly for t on compacts,
(2.5) exp
(
e2piiq/K log ζ(σ + it)
)
= o
(
1
σ − 1
)
,
which we do in the following lemma.
Lemma 2.1. If N has positive density a, then, for q ∈ {1, . . . , K − 1}, the relation
(2.5) holds uniformly for t on compacts.
Proof. The proof of this lemma goes along similar lines as the one of [2, Lemma 3.6].
First we show (2.5) pointwise. If t = 0, then | exp (e2piiq/K log ζ(σ)) | = |ζ(σ)|cos(2piq/K) =
o(1/(σ − 1)) as ζ(σ) ∼ a/(σ − 1), which is implied by density. For t 6= 0, we shall
employ the trigonometrical inequality
(2.6) M − 1−M cos(x) + cos(Kx) ≥ 0,
which is valid for all real x and positive integers K as long as M ≥ K2. Indeed,
let f(x) be the left-hand side of (2.6). As f is 2pi-periodic it suffices to show (2.6) for
|x| ≤ pi, or even only for |x| ≤ √6/√M , as the only potential violations can occur when
cos(x) ≥ (M−2)/M , and cos(x) ≤ 1−x2/3 for |x| ≤ 2, say. As f(0) = 0 and f ′(0) = 0,
(2.6) will follow if f ′′(x) ≥ 0 for |x| ≤ √6/√M , allowing a possible equality only when
x = 0. As f ′′(x) = M cosx −K2 cos(Kx), positivity follows as cos(Kx) ≤ cos(x) for
|x| ≤ √6/√M , with equality only if x = 0. (Note that |Kx| ≤ √6 in this region, so
Kx cannot wander fully around the circle.) This completes the verification of (2.6).
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We employ the trigonometrical inequality (2.6) to find
(2.7)
∫ ∞
1
x−σ (M − 1−M cos(t log x− 2piq/K) + cos(Kt log x)) dΠ(x) ≥ 0,
or, after exponentiation
(2.8) ζ(σ)M−1 exp(−M Re(e2piiq/K log ζ(σ + it)))|ζ(σ + iKt)| ≥ 1.
The pointwise result now follows as density implies ζ(σ) ∼ a/(σ−1) and ζ(σ+ iKt) =
ot(1/(σ − 1)).
Now, (2.5) is equivalent to
(2.9) exp
(
−
∫ ∞
1
x−σ(1− cos(t log x− 2piq/K))dΠ(x)
)
= o(1).
Our previous considerations imply that the left-hand side of (2.9), a net of continuous
functions, monotone in the variable σ as σ ↓ 1, tends pointwise to 0. Therefore, Dini’s
theorem asserts that the convergence of (2.9) must happen uniformly for t on compact
sets. 
Remark 2.2. We also observe that Theorem 1.1 remains true if we change the defini-
tion of SK,c(x) to the number of integers below x for which the number of distinct prime
factors is c mod K. The proof is similar to the one given above. In the definition (2.1)
of fq, one simply adds the word “distinct” at the appropriate place. The orthogonality
relation (2.2) remains valid. The generating function of fq becomes
(2.10) Fˆq(s) =
∏
p
(
1 + e2piiq/Kp−s + e2piiq/Kp−2s + . . .
)
Proceeding in the same fashion as above, one obtains after some computations
(2.11) log Fˆq(s) =
∑
p
∞∑
k=1
(1− (1− e2piiq/K)k)p−ks
k
.
Now however, we will split the measure hqdΠ into three pieces. We set g1(p
k) = e2piiq/K ,
(2.12) g2(p
k) =
{
1− e2piiq/K − (1− e2piiq/K)k if p > 2,
−e2piiq/K if p ≤ 2,
and g3(p
k) = 1−(1−e2piiq/K)k if p ≤ 2 and 0 otherwise. Now, as |g2(pk)| ≤ 2k for p > 2
and is bounded for p ≤ 2, the hypothesis ∫∞
1
|g2(u)|u−1dΠ(u) <∞ from [3, Th. 2.3] is
fulfilled and one can proceed exactly as above to obtain
∫ x
1−
exp∗((g1 + g2)dΠ) = o(x)
for q 6= 0. Now the Mellin-Stieltjes transform of exp∗(g3dΠ) is
(2.13)
∏
p≤2
(
1 +
∞∑
k=1
fq(p
k)
pks
)
,
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and is absolutely convergent for σ > 0 by virtue of |fq| ≤ 1. Applying [3, Lemma
3.4(i)] now gives
(2.14) Fq(x) =
∫ x
1−
exp∗((g1 + g2)dΠ) ∗ exp∗(g3dΠ) = o(x)
and therefore also SK,c(x) ∼ ax/K.
Remark 2.3. The density condition in Theorem 1.1 can be replaced with the appar-
ently weaker hypothesis of logarithmic density, that is, the following limit
(2.15) lim
x→∞
∫ x
1−
dN(u)
u
exists and is positive. It can be easily seen via partial integration that density implies
logarithmic density unconditionally. On the other hand it follows from Corollary 2.2
from [3] that logarithmic density implies density under a Chebyshev upper bound
condition, as logarithmic density implies equation (2.5) of that paper.
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